We study the motion capabilities (or, in other words, controllability) of an abstract object consisting of three narrow rectangles connected by flexible links, which "swims" in a rowing fashion in the nonstationary 2-D Stokes fluid. We assume that the means by which we can affect the swimming motion are the change of spatial orientation of the aforementioned rectangles and the direction and strength of the rowing motion. The model of our interest is described by a system of coupled nonlinear ordinary integrodifferential and partial differential equations which are governed via certain coefficients regarded as multiplicative or bilinear controls. Our main results include an asymptotic technique allowing one to calculate an incremental progress of the swimming object at hand in the fluid and the global controllability properties, derived from it. These results are based on our prior work [11] which investigates the effect of the geometric shape of an object on the forces acting upon it in a fluid. Such problems are of interest in biology and engineering applications dealing with propulsion systems in fluids.
• Option # 2: Alternatively, we will also consider a different model when the rigidity coefficients for the links between z 1 and z 2 and z 3 can vary and thus serve as extra controls.
(This type of "regulated" flexibility seems quite appropriate for living organisms, compared to "straightforward" mechanics of Hooke's Law.) This, in particular, will allow us to separate the actions of the rotation and length-recovering forces in time as shown on Recharging motion (Fig. 4) . This motion, namely, when unfolding rotation internal forces are applied to rectangles z 2 and z 3 , is shown on Turning motion (Fig. 5 ). In the case of turning motion, the goal is to aim the swimming object in the direction of desirable subsequent forward (straight line) motion. For example, one may want to turn the object as on Fig. 2 clockwise. This can be achieved by subsequent rotation of its "legs" z 1 z 2 and z 1 z 3 . Fig. 5 illustrates how one can rotate first the leg z 1 z 3 , while not changing "much" the position of centers of rectangles z 1 and z 2 : In a similar way, we can further rotate the leg z 1 z 2 , changing the orientation of rectangles z i 's respectively. After that, we can re-orient these rectangles into a configuration similar to that on 
y(x, t)dx, z i (0) = z i0 , i = 1, 2, 3, (
where z(t) = (z 1 (t), z 2 (t), z 3 (t)) ∈ (R 2 ) 3 , v(t) = (v 1 (t), v 2 (t)) ∈ R 2 , and either, in the case of elastic Hooke's forces as on (F (z))(x, t) = ξ 1 (x, t)k 1 ( z 2 (t) − z 1 (t) R 2 −l) z 2 (t) − z 1 (t) R 2 (z 2 (t) − z 1 (t)) + ξ 2 (x, t)k 1 ( z 2 (t) − z 1 (t) R 2 −l) z 2 (t) − z 1 (t) R 2 (z 1 (t) − z 2 (t))
−ξ 1 (x, t)v 1 (t)A (z 2 (t) − z 1 (t)) + ξ 2 (x, t)v 1 (t)A (z 2 (t) − z 1 (t)) −ξ 1 (x, t)v 2 (t)A (z 3 (t) − z 1 (t)) + ξ 3 (x, t)v 2 (t)A (z 3 (t) − z 1 (t)) (1.3) or, in the case of flexible links of variable rigidity as on Figs. 2-3:
F (z) = ξ 1 (x, t)v 3 (z 2 (t) − z 1 (t)) + ξ 2 (x, t)v 3 (z 1 (t) − z 2 (t)) + ξ 1 (x, t)v 4 (z 3 (t) − z 1 (t)) + ξ 3 (x, t)v 4 (z 1 (t) − z 3 (t)) −ξ 1 (x, t)v 1 (t)A (z 2 (t) − z 1 (t)) + ξ 2 (x, t)v 1 (t)A (z 2 (t) − z 1 (t))
In the above, Ω is a bounded domain in R 2 with boundary ∂Ω of class C 2 , y(x, t) = (y 1 (x, t), y 2 (x, t)) and p(x, t) are respectively the velocity and the pressure of the fluid at point
∈ Ω at time t, while ν is a kinematic viscosity constant. We will further assume that Ω contains the origin.
We assume that each of the rectangles z 1 , z 2 and z 3 has the same dimensions r × q, q r with the area S = rq. The sets representing their positions at time t are denoted respectively by S i (z i (t)), i = 1, 2, 3. Their characteristic functions are denoted by ξ i (x, t), i = 1, 2, 3 and symbols z i (t)'s will further denote the centers of the respective rectangles.
Throughout the paper we will only consider the situations when that rectangles S i (z i (t)), i = 1, 2, 3 are "small" and stay strictly away from each other and from the boundary of Ω. In other words, we intend to focus on the study of the swimming motion "in the open area". This can be assured by proper "control actions" which we intend to apply. For the purpose of simplification, in our model the swimming object is viewed as a part of fluid (see such models in [18] , [4] , [19] , [9] [10] [11] [12] , see also Remark 1.3 below). (Note along these lines that in many theoretical works a solid body is viewed as a limit of a sequence of fluids of increasing density occupying its volume.)
Forces. The first two lines in (1.3) describe the elastic forces acting between the centers of rectangles S 1 (z 1 (t)) and S 2 (z 2 (t)) at time t acting according to Hooke's Law as shown on Fig.   1 to preserve the structural integrity of the swimming object. These forces are proportional to the deviation of the distance between z 1 (t) and z 2 from its original natural length l > 0 (i.e., when the object is in the state of rest). The lines 3 and 4 in (1.3) describe similar forces between S 1 (z 1 (t)) and S 3 (z 3 (t)). Parameters k 1 > 0, i = 1, 2 stand for the given rigidity coefficients in the respective links.
In turn, in (1.4), we assume that the aforementioned elastic Hooke's forces are replaced with extra control forces, which we further call the linear control forces, also acting along the lines connecting the point z 1 (t) to respectively z 2 (t) and z 3 (t) with the purpose to control the distances between them (as shown on Fig. 3 ). They can also be viewed as Hooke's forces with variable rigidity coefficients, which we denote in this case by v 3 and v 4 and further view them as extra multiplicative controls.
The last two lines in (1.3) and (1.4), where
represent the internal rotation (control) forces, namely, acting perpendicularly to the respective lines z 1 z 2 and z 1 z 3 . The magnitudes and directions of the applied rotation forces are determined by the coefficients v i , i = 1, 2, which we also regard as bilinear or multiplicative controls (see, e.g., [1] , [6] [7] [8] , [10] , [11] and the references therein). We assume that all object's forces act through the immaterial links (or which have a "negligible affect" on the swimming process), attached to the centers of mass of S i (z i (t))'s and then transmitted as such to all points in their respective supports.
All the forces in (1.1)-(1.3)/(1.4) satisfy the 3-rd Newton Law, i.e., they are internal relative to the swimming object, and their sum is equal to zero. In particular, this means that the center of mass of the aforementioned object will not move under the action of these forces if there is no interaction with the surrounding medium. However, when the object at hand interacts with the fluid, the sum of the aforementioned internal forces projected on the fluid velocity space may not be zero, which will then may result in its swimming motion.
Conservation of momenta. Note that the internal linear momentum of our swimming object remains constant, since all the above forces satisfy the 3-rd Newton's Law (e.g., [20] ). In turn, the rotation forces in (1.1)-(1.3)/(1.4), in general, can generate a non-zero torque. This means that the conservation of the angular momentum should hold in a more general framework than modelled by (1.1)-(1.3)/(1.4). In this case, one may assume that the "actual swimming object" also employs some "additional" internal forces (from an "engine" or "muscles" such as, e.g., a "watch-and-hand mechanism" with its mutually counter-rotating parts) that generate respective negating torques. One can view these additional forces as possibly modelled by some additional equations omitted from the resulting system (1.1)-(1.3) for the purpose of simplification.
Remark 1.1: Conservation of angular momentum. To explicitly preserve the internal angular momentum of our swimming object (see also Remarks 1.2 and 5.2 below), one should also assume additionally that
Position of the swimming object. The dynamics of the object in (1.1)-(1.3)/(1.4) is described through the motion of the points z i (t), i = 1, 2, 3, which are determined by the average motion of the fluid within the respective supports S i (z i (t))'s as described in (1.2). which have compact support in Ω and solenoidal or divergence-free, that is, div φ = 0 in Ω.
Let H(Ω) denote the completion of this space in the norm
Then the vector space (L 2 (Q T )) 2 can be decomposed (e.g., [14] , [21] ) into two orthogonal subspaces J 0 (Q T ) and G(Q T ) assuming that for almost all t ∈ (0, T ) the elements of the former belong to the completion J 0 (Ω) ofJ(Ω) in the norm of (L 2 (Ω)) 2 and the elements of the latter to its orthogonal complement G(Ω).
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Throughout the paper we assume that
The wellposedness of systems (1.1)-(1.3)/(1.4) was established in [9] , [12] under the following conditions, which we assume throughout the paper. Assumption 1.1.
• S i (z i (0)), i = 1, 2, 3, are strictly separated from each other and from ∂Ω.
• The rectangles S i (z i (t)), i = 1, 2, 3 can change their orientation only finitely many times
and z i0 ∈ Ω, i = 1, 2, 3 be given and Assumption 1.1 hold. Then there exists a T ∈ (0, T * ) such that both system (1.1)-(1.3) and system (1.1), (1.2), (1.4) admit a unique solution {y, p, z}
, where i, j = 1, 2, and equations in (1.1) and (1.2) are satisfied almost everywhere, while the sets • The wellposedness of model (1.1)-(1.3) in the case of conserved angular momentum (see Remark 1.1) was also shown in [12] .
• The rectangular shape of sets S i (z i (t))'s implies that, if S i (z i (t) and S i (z i (t) + h) are of the same orientation, we have the following Lipschitz type condition, employed in the proof of Theorem 1.1 (which, in fact, deals with more general sets than just rectangles):
for some positive constants h 0 and C 0 . Furthermore, provided that q < r, we can be more specific here and derive that
for anyt > t in any time-interval in (0, T ), where rectangles S i (z i (t)) and S i (z i (t)) are of the same orientation.
• , [19] , and the references therein) or a "mechanical device (such as a robotic fish or eel, e.g., [5] , [16] , [17] and the references therein). The above-mentioned works employ quite different approaches to model swimming phenomena, reflecting different interests of the researchers using them. A number of available models employ only the finite systems of ODE's to describe the positions of certain points of the swimming object at hand and avoid the use of fluid equations, replacing them with friction forces acting upon the aforementioned points (e.g., [17] and the references therein). On the other hand, one can find various sophisticated infinite dimensional swimming models focusing primarily on detailed description of the interaction between solid bodies and the surrounding fluid (see, e.g., the classical works [15] , [2] and the references therein). However, in the latter approach it can be difficult or impossible to obtain an explicit model of coupled differential equations which would include the equation describing the progress of the body in a fluid. This equation -our equation (1.2) -is critical if one wants to study the issue of controllability for the swimming phenomenon, which is our goal in this paper. In this respect, we view our above-described models as a "starting model" which, on the one hand, is "simple enough" from the mathematical viewpoint, while, on the other hand, it seems to be adequate enough to represent at least some of the principal elements and difficulties arising in the context of swimming phenomena.
The equations (1.1)-(1.3)/(1.4) resemble, for example, the equations (2.9) in [18] , where the object in a fluid is modelled as a collection of countably many points linked by internal forces instead of our sets S i (z i (t))'s (which allows us to "replaces" the δ-functions in the limit description of the forcing term in [18] with the integral terms in (1.2)). In [4] , p. 93 and in [19] , the swimming object is represented as an immaterial curve (an immersed boundary), which also requires the use of even more sophisticated δ-functions. In just cited works the swimming object is further finitely discretized for computational purposes on some grid. Accordingly, the swimming object in our models (1.1)-(1.3)/(1.4) can be viewed as such already discretized immaterial curve supported on the respective "cells" S i (z i (t))'s of the aforementioned grid.
2. Main results. Let us stress again that without a fluid the center of mass of the swimming object described in (1.1)-(1.3)/(1.4) will not move, because the sum of all internal forces generated by it is equal to zero. However, when the apparatus interacts with the fluid, the sum of the aforementioned internal forces projected onto the fluid velocity space may not be zero, which will then result in its motion. If so, one should think that the swimming object at hand will possess the best swimming capabilities if at any moment of time the sum of all its averaged (over the corresponding supports S i (z i (t))'s) internal forces proj ected onto the fluid velocity space spans the whole space R 2 in which it lies. This property, which we call the force controllability, was introduced and studied in [11] . In [11] we also showed that it implies the local controllability of object (1.2) within the models (1.1)-(1.3)/(1.4), studied in [10] .
In this paper our goal is to study the global controllability properties of models (1.1)-
, making use of the qualitative estimates obtained in [11] for the aforementioned force projections in the case when the sets S i (z i (t))'s are narrow rectangles. We view the respective controllability problem as the one for the motion of the center z 1 (t) of the "headrectangle" S 1 (z 1 (t)) on Fig. 1-5 , while, of course, making sure that the structural integrity of the swimming object at hand is preserved.
Our control parameters are:
• the piecewise constant (in time) multiplicative controls:
• the piecewise constant (in time) orientations of sets S i (z i (t))'s; and
• the moments t 1 , . . . , t n ∈ (0, T ), when we can change the above-described control parameters.
Our controllability results are achieved for "sufficiently small" narrow rectangles S i (z i (t))'s (we elaborate on this below in detail).
Assumption 2.1. Throughout the paper we assume that the size of the swimming object (i.e., the value of l) is "small" relative to the size of Ω and that the initial and target positions for desirable swimming motion lie "far enough" away from ∂Ω.
The only purpose of this assumption is to avoid any dealing with the situation when the swimming object "collides" with ∂Ω during its motion. Assumption 2.1 is not mathematically precise but it is not restrictive either (as we will show it below).
Consider any point z T ∈ Ω ("sufficiently far away" from ∂Ω in the sense of Assumption 2.1).
1. Controllability: Then there exist a T * ∈ [0, T ], the moments of time t 1 , . . . , t n ∈ (0, T * ), 
provided that the parameters r and q (q r) (i.e., the dimensions of rectangles S i (z i (t))'s) are small enough. Namely, r and q satisfy the following conditions for some sufficiently small h > 0:
for some a ∈ (0, 1), b > 0, c ∈ (0, 1/2) and C 1 , C 2 > 0. More precisely, the size of suitable h is determined by the desirable precision of steering ε and the parameters of the model (1.1), (1.2), (1.4)).
Structural integrity: If
for some δ > 0, then we can achieve the above steering, while preserving (2.2) for any
Remark 2.1. The conditions linking q and h in Theorem 2.1 hold, for example, for
The above result is achieved as a combination of two motions:
• The turning motion (as on Fig. 5 ) with the goal to aim the swimming object at the desirable target position z T along the bisector of the angle z 2 z 1 z 3 .
• When the above is achieved, we apply the forward-propelling motion (Figs. 2-3 ) to reach this position.
To make this plan work we need sufficient room within Ω, which is provided by Assumption 2.1.
The main idea of the proof of Theorem 2.1 from the technical viewpoint is to obtain the required controlled swimming motion of the object to the target state as a sequence of suitably "small" incremental motions described in the introduction. In this respect, the following result, Theorem 2.2, is the most critical.
Denote by Π i b, i = 1, 2, 3 the vector projections of vector b ∈ R 2 on the straight lines co-linear to the longer sides of the rectangles S i (z i (t)). Also set:
Remark 2.2. Throughout the paper we use the same generic symbol C to denote positive, possibly different, constants.
Theorem
where for some constant C > 0 and function γ(t, z(0)) we have:
4)
and γ(t, z(0)) → 0+ as t → 0+, provided that for some a ∈ (0, 1) the value of max{q a , q 1−a /r, r} is small enough.
We refer to Assumption 4.1 and Remark 4.1 for discussion on the assumptions relative to the parameter d * > 0 in Theorem 2.2 (and in the following Theorem 2.3 as well).
For system (1.1)-(1.3) the respective result is as follows. Let 
where β * (t) is defined as β(t) in Theorem 2.2 but with α * (t) in place of α(t). Then
5b)
5.c)
where, for some constant C > 0 and function γ * (t, z(0)):
and γ * (t, z(0)) → 0+ as t → 0+, provided that for some a ∈ (0, 1) the value of max{q a , q 1−a /r, r} is small enough.
Remark 2.3. The main results of this paper can also be viewed as an asymptotic technique for calculation of progress of a swimming object in a fluid as described in Theorems 2.2 and 2.3. Although in the models (1.1)-(1.3)/(1.4) we deal with rectangles S i (z i (t))'s of equal size, our results can be extended to the case when they are different in size and/or shape, or when a swimming object consists of more than just three pieces (for example, it can be a model of a robotic eel or fish with multiple joints). We also refer to Remark 5.2 for further discussion of the main results. 1)-(1.3 ) and the orientation of S i (z i (t))'s do not change (i.e., they are constant with respect to time).
Preliminary results. Throughout this section we assume that
As it is described in Theorem 1.1, the unique solution to (1.1)-(1.3) lies in the space J 0 (Q T ) at all times. It admits the following implicit Fourier series representation:
(3.1a)
Here the 2-D vector functions ω k , k = 1, . . . and the real numbers −λ k , k = 1, . . . denote respectively the orthonormalized in (L 2 (Ω)) 2 eigenfunctions and eigenvalues of the spectral problem associated with (1.1):
The series in (3.1a) and the series obtained from it by differentiation once with respect to t and twice with respect to the spatial variables converge in (L 2 (Ω)) 2 uniformly for t ≥ 0 (e.g., [14] , [21] ). The functions {ω k } ∞ k=1 also form a basis in J 0 (Ω). If we now denote the orthogonal projection operator from the space (L 2 (Ω)) 2 onto J 0 (Ω) by P , we can rewrite (3.1a) also as:
(3.1b)
In [11] we proved the following result. 
where
More precisely, it was shown in [] that
In (3.5) C > 0 is, as usual, a generically denoted positive constant, 
Thus, if sufficiently large control forces v i 's are applied, the directions at which the points z i (t)'s will try to move move from their current positions are primarily determined by the projections of the object's internal control forces on the fluid velocity space at this moment, averaged over their corresponding supports S i (z i (t))'s. Our goal below is to study the swimming capabilities of models (1.1)-(1.3)/(1.4) with respect forward and turning motions described in the introduction. To this end, we intend to make use of solution formulas (3.1a-b)-(3.6a-c) and the following result from [11] , describing an asymptotic representation of the averaged forces acting in the fluid on each of the rectangles S i (z i (t)), 1 = 1, 2, 3.
as q, r, q 1−a /r → 0+, where ξ(x) is the characteristic function of S 0 .
In the above and below, the notation O(s) means that O(s) R 2 ≤ Cs as s → 0+ for some positive constant C. In [11] we proved the following result. which lies strictly outside of S 0 and is strictly separated from ∂Ω, we have:
as s → 0+, where C > 0 is a (generic) constant and d * is the smallest out of the distances from Q to S 0 and to ∂Ω.
We can interpret Lemma 3.3 as that the effect of the force bξ(x) on similarly sized sets outside of its support S(0) is "negligible" as this size decreases.
4. "Micro swimming motions". In this section we intend to describe certain small motions of rectangles S i (z i (t))'s forming the swimming object at hand. We begin with the model (1.1)-(1.3) and will prove Theorem 2. We further assume in this section that t ∈ [0, t * ] as in Assumption 4.1.
Formula for z i (t) − z i (0). The formal integration of (3.2) with t 0 = 0 yields for t ∈ [0, t * ]:
Let the expressions F i (z), i = 1, 2, 3 represent the terms in (1.3) supported respectively on S i (z i (0)). Making use of (1.3) and Lemma 3.3, we further obtain, for example for z 1 (t):
1 rq
where, in view of (3.9),
3)
Evaluation of the 3-rd and the 4-th terms in (4.1). Making use of (3.3)-(3.4), we obtain:
Furthermore, making use of (3.5)-(3.6a-c),
where, in view of (1.6),
In turn, since in f j (0)'s in (3.6c) parameters v 1 , v 2 , k 1 and k 2 enter as factors, and
we obtain from (3.6c) that
where γ * (t, z(0)) → 0 as t → 0 for any z(0) and γ * (t, z(0)) does not depend on k 1 , k 2 , v 1 and
• We intend to accomplish the required motion in an n incremental steps of "approximate"
where n is "sufficiently large".
• These incremental motions are to be performed during suitably selected time-intervals
• We assume that on each of the above-mentioned time-intervals we apply either only the constant rotation control forces (see Fig. 2 ), in which case:
or only the constant linear forces (see Fig. 3 ), in which case:
• The orientation of sets S i (z i (t)), i = 1, 2, 3 remains unchanged on each of (t j−1 , t j ), j = 1, . . . , n.
To make the above-described plan work, in the spirit of Assumption 4.1 and Remark 4.1 we will assume the following:
Assumption 5.1. For the chosen P > 0, we assume that Assumption 4.1 holds at time t = 0 (that is, d * > 0 initially) and that the straight line, connecting z(0) and the desirable target position z T lies strictly inside of Ω along with its neighborhood of radius strictly exceeding l.
This assumption is not restrictive (see similar Assumptions 2.1 and 4.1 in the above and discussion about it in Remark 4.1). It rather just clarifies/describes the situation we consider below (see also Remark 5.1). Namely, we consider the case when the swimming object remains away from ∂Ω for the duration of the swimming process. 24 5.2. Proof of Theorem 2.1: The case of forward motion only. The proof below deals with the selection of suitable moments t i 's, the values for respective controls v i 's and the orientations for S i (z i (t))'s between them, which will ensure that the object at hand swims forward for approximately P units.
Without loss of generality (see Step 2 on how it can be assured if necessary), we can assume that at time t = 0 the swimming object is originally not stretched or shrunk, that is:
and is positioned as on Fig. 2 .
We assume that multiplicative controls v 1 and v 2 are constant on the (0, t 1 ) and that the original angles θ 1 (0) = z 2 (0)z 1 (0)H and θ 2 (0) = z 3 (0)z 1 (0)H (see Fig. 2 ) are equal to each other and, say, toθ, which is strictly less than π/4. In our further actions we intend to keep these angles (not necessarily equal to each other for t > 0) between two preassigned values:
Without loss of generality, we can assume thatθ = θ * and that θ * is large enough (i.e., relative to the size of r and q) to ensure that S 2 (z 2 (t)) and S 3 (z 3 (t)) do not overlap, regardless of their orientation as long as (5.1) holds.
Step 1: Forward propelling motion and selection of parameters on (0, t 1 ). We assume that on this time-interval only the the rotation forces (RF) are active (that is, v 3 = v 4 = 0) and that the sets S i (z i )'s are oriented as on Fig. 2 . We intend to apply the aforementioned forces to make the points z 2 and z 3 move toward each other, that is, we will use v 1 > 0 and v 2 < 0.
Restriction linking v 1 and v 2 in terms of t 1 . We assume that on (0, t 1 ) constant controls v 1 and v 2 can be selected arbitrarily except for the assumption that, whatever t 1 is chosen, their values satisfy the following equalities:
where h > 0 is a parameter to be chosen below. In general, we will deal with h → 0, imposing below a number of specific restrictions on its smallness.
This condition implies that
Restriction on n. Assume from now on that n is large enough to ensure that
Remark 5.1. Our proof below deals with asymptotically small h and t 1 (while preserving (5.2)). Therefore, without loss of generality, in view of (5.3), we can further assume that (4.17) holds for the system (1.1), (1.2), (1.4) on (0, t 1 ) or, in other words, the size of the motions of z i (t)'s on (0, t 1 ) is no more than of order h if t is "small enough" (see (5.6), (5.7) below). Restriction on p and q. We will assume from now on that (for the above-selected h) the dimensions r and q for the rectangles forming our swimming object are so small that: 1-st restriction on t 1 . Given y 0 , assume, in addition to (5.2) and (5.5), that t 1 is so small that
Now (5.3)-(5.6) imply (see (4.17) ) that
for some M 0 > 0 independent of z i (0)'s.
2-nd restriction on t 1 . In addition to the above, we will also assume that t 1 is so small that,
for someM (d * ) > 0, which is determined by the values of M (d * ), l, θ * , θ * , h and z.
Furthermore, (5.16) implies that during the motion as on Fig. 3 the points z 2 and z 3 will make a vertical motion towards each other, which can be evaluated as follows (see (5.12) and (5.16)):
Step 3: Selection of parameters on (t 2 , t 3 ), (t 3 , t 4 ), . . . Let us summarize the results of our actions on (0, t 2 ): • The distances between z 1 (t 2 ) and z j (t 2 ), j = 2, 3 again are equal to l.
• The positions of points z j (t 2 ), j = 2, 3 are not necessarily symmetrically positioned relative to the horizontal line z 1 H.
• The angles θ 1 (t 2 ) and θ 2 (t 2 ) became smaller than the originalθ but still satisfy (5.1).
On the subsequent pairs of time-intervals {(t 2 , t 3 ), (t 3 , t 4 )}, . . . we, in general, intend to repeat our actions on {(0, t 1 ), (t 1 , t 2 )} as long as the angle restriction (5.1) holds.
Let us consider first the following "ideal" situation.
Case I: The points z j (t 2 ), z j (t 4 ), z j (t 6 ), . . . , j = 2, 3 remain symmetric relative to the line z 1 H, see Fig. 2, 3 . In this case, we are in fact in the same situation as at the initial moment t = 0, except for that the swimming object is closer now to the target and is possibly shifted a "little bit" vertically. Therefore, we can repeat the motions of Steps 1 and 2 (as on Fig. 2, 3 ) on {(t 2 , t 3 ), (t 3 , t 4 )} and subsequent pairs of time-intervals, thus moving the point z 1 further and further to the left toward the target, each time at least by additional lh sin θ * − 2M (d * )h 1+z units, while possibly also shifting it vertically by no more thanM (
Assume that, given h = h * , we can accomplish n pairs of the above-described forwardpropelling and length-recovering motions without violating the angle restriction (5.1). Then the total motion to the left will be no less than
In turn, its vertical motion will be bounded by Simultaneously, the vertical motions of the points z 2 and z 3 toward each other will converge to Dl sin θ * (preserving the symmetric configuration on Fig. 2, 3) , while the vertical shift of z 1 will tend to zero. In other words, we can move the point z 1 from its original position z 1 (0) to any position on the left of it (i.e., on the same horizontal line) within any distance under Dl sin θ * units as precisely as we want, while preserving the deviations of the distances between z 1 (t 1 ) and z j (t 1 ), j = 2, 3 as close to l as we wish. This will give us the result of Theorem 2.1 in the case of forward motion only, provided that the target position for z 1 lies no further than Dl sin θ * to the left of z 1 (0).
Of course, it can happen that at least one of the inequalities in (5.1) will be about to be violated, but the swimming object still needs to "swim" forward to reach the desirable target position. In this case, we will need to apply the "recharging" motion as shown on Fig. 4 , combined with necessary length-recovering motions (that is, separate in time in the fashion shown on Fig. 2, 3 for the case of the forward motion), to return it to the original configuration as on Fig. 2 . The methods and results of Steps 1 and 2 apply in this case as well.
This way, after finally many repetitions of the above-described actions, the swimming object will be able to approach any point on the left of z 1 (0) (i.e., on the same horizontal line) as close as we wish (see also Remark 5.2 below).
This ends the Proof of Theorem 2.1 in the case of forward motion when the points z j (t 2 ), z j (t 4 ), . . . , j = 2, 3 remain symmetric relative to the horizontal line z 1 H.
Case II: The points z j (t 2 ), z j (t 4 ), z j (t 6 ), . . . , j = 2, 3 are not necessarily symmetrically positioned relative to the line z 1 H, see Fig. 2, 3 . In this case, applying the same scheme of actions as described in Case I in the above will yield the same steering/controllability result. Indeed, in Case I we did not deal with the actual incremental motions of points z i 's. Instead, we used in our calculations the "worst possible" estimates for them, which, in particular, include all the non-symmetrical shifts of the Case II. Namely, all incremental motions were evaluated in terms of the limiting angles θ * and θ * , which are the same in Case I and Case II.
Step 4. The turn-propelling motion needed to finish the proof of Theorem 2.1 (see Fig. 5) can be analyzed and achieved in the same fashion as it is described in the above for the case of forward-propelling and length-recovering motions. This ends the proof of Theorem 2.1.
Remark 5.2.
• Note that all the above results are achieved for asymptotically small h. Due to inequality (5.5), this implies that the dimensions r and q, q r of rectangles S i (z i (t))'s for which Theorem 2.1 holds are respectively small as well. More precisely, the given initial datum in system (1.1), (1.2), (1.4), the target position z T and the desirable precision of steering will determine the necessary smallness of r and q, for which a needed swimming motion can be achieved by means of our asymptotic technique described in the above proofs of Theorems 2.1-2.3.
• It seems plausible that, by taking into account the extra condition on the rotation forces in Remark 1.1, the main results of this paper can be extended to the case of conserved angular momentum described in this remark.
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